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1. Introduction

To illustrate the different styles of definition, we, initially, consider the works Konsonanz und Konkordanz, 
from Carl Stumpf,  A Formal Theory of Generalized Tonal Functions, from David Lewin, and the definition 
of Arnold Schoenberg in his book, Armonia. There, we find examples where major triads and minor 
triads have split definitions. In section 4 we formalize Stumpf's concept of concord, and then develop 
our definition solving the augmented fifth chord problem (Gollin, 2011, pp. 178-181). In section 4.2 we 
report on Thomas Noll's mathematical formalization of Stumpf's original idea (Noll, 2005, pp. 1-25).

1.1. Carl Stumpf

Carl Stumpf (Stumpf, 1911, pp. 116-150), based on psychological empirical tests, considers the triad 
{c, e, g} not as a set of three notes but as a kind of concord of its 9 consonant ordered intervals, (c, e), 
(e, c), (c, g), (e, g), (g, e), (c, c), (e, e), (g, g), (g, c). Stumpf locates his idea of consonance in perception and 
sees the fourth as a consonance. Therefore, the ascendant interval (g, c) is included.

Definition 1. (The musical principle of concordance) Find the greatest number of pcs, within 
the octave, that are all consonant with one another.

To identify a triad, we must scan a scale thoroughly, looking for “all the pcs consonant one with 
another” (Stout, 1964, pp. 297-298). Thus, a concord, or concordant chord, must be composed by a fifth 
(or its inversion, the fourth) and a third (or its inversion, the sixth). Observe that Stumpf does not see 
the triad as a primary concept once he employs the idea of scale to identify the triads.

Stumpf wrote (Stumpf, 1911, p. 1135) that his definition describes, also, augmented triads as well as 
the major and minor triads.

From Stumpf's Concord to a New Definition of Triad
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“Hier ergibt sich also, was bei der Konsonanz unmnöglich ist, dass genau dasselbe 
Tonpaar je nach der Beziehung, die wir ihm geben, konkordant und diskordant wird. 
So kann e:gis (e, g # )  als Bestandteil des E-dur oder des Cis-moll-Dreiklanges (C # 
minor) aufgefafst, es kann aber auch als Bestanteil des übermässigen Dreiklanges 
c:e:gis (c, e, g # ) aufgefafst werden, welcher diskordant ist, da er keine Quinte enthält”.

When we want to define, precisely, diatonic triads, the base of tonal system, the above 
quotation make that definition not sound1 in formal logical terms. The missing piece in Stumpf's 
framework was a bird-eye view of the interaction between all the elements of the dyads 
sounding simultaneously. Accepting the augmented triad compromises the soundness2 of 
Stumpf's theoretical approach3 if we wish to define the basis of the tonal system, the diatonic 
triads.

1.2. Lewin and the Riemann System

Lewin (Lewin, 1982, pp. 23-60) starts with a pitch class4 T and two intervals d and m to define the 
structure of a Riemann System Œt, m, d�, with d�0, d�0, and d�0. Then he defines the primary tonic triad 
as the unordered set {T, T+m, T+d }. Other two primaries triads are obtained by shifting this original 
definition in order to get the dominant triad, {T+d, T+d+m, T+2d }, and also the subdominant triad, {T – d, 
T–d+m, T }. The union of these three triads form both an unordered set (diatonic set) and an ordered 
set (canonical list). Lewin's work is a generalization of tonal functions. If we restrict our pitch material to 
the twelve pitch classes, hereafter pc, of the chromatic scale and fix, for instance, T as c, and the intervals 
d and m as the perfect fifth (seven semitones) and major third (four semitones), respectively, we attain 
the C major triad as tonic, the G major triad as dominant, and the F major triad as subdominant. 

In the 5th definition, Lewin presents the two secondary triads, which are defined as (T+m, T+d, 
T+d+m), called the mediant triad, and (T–d+m, T, T+m), called the submediant} triad. It is easy to see that 
in the above instance, i.e., for a specific Riemann System Œc, 4, 7�,  these triads are E minor and A minor 
(see Figure 1). The diminished triad is not part of the triadic system proposed by Lewin. 

It is clear that the disposition of the pcs in the triads follows two arbitrary standards, one for the 
major triads and other to the minor triads. In other words, taken the specific Riemann System Œc, 4, 7�,  
the primary triads correspond to C major, F major, and G major, i.e., only major triads. The minor triad 
appears in this system as a result of the definition of the secondary triad (Lewin's Definition 5) or as a 
result of the conjugate (CONJ) operation (Lewin's Definition 7). Therefore, in the first case, the minor 
triad has secondary importance (as its very name asserts) and in the second case is the result of another 
system (the Conjugate Riemann System). In other words, the basic definition of the system is not able 
to generate major and minor triads simultaneously.

1  A definition is sound if every object it describes corresponds to the concept it seeks to define.
2  When the definition embraces objects that do not deserve.
3  The restriction in definition 10 implements this global view.
4  A pitch class (pcs) is a pitch without register. For a definition of this concept see Straus, 2000, p. 2.
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Figure1 – A Riemann System for T= c, m=4, and d=7. 

1.3. Schoenberg and the natural triad

Schoenberg (1979, pp. 23-31) employs the natural harmonics of F, C, and G to elaborate the 
C major scale, as a horizontal imitation of the natural sound (see Figure 2), and the major triad 
(see Figure 3), as the vertical imitation of this very natural sound, or as he puts the “fundamental 
triad [the tone with its closest overtones]”. Then, he constructs triads on the other scale degrees 
as '´free imitations of the idea'' (Schoenberg, 1979, pp. 31-32), substituting the klang by the inner 
structure of the scale. He shifts over the scale looking for notes with leaps of size 1 – 3 – 5. In this 
process, he does not use the natural notes inspired by the klang but the notes found in the major 
scale.  The major triad results from the Klang and the minor triad results from a human construct, 
the scale.5 That is, there is a rule to define the major triad and another rule to define the minor 
triad.

Figure 2 – The generation of the major scale from the juxtaposition of the overtone series of F, C, and 
G, according to Schoenberg.

5 The fact that we also reach the major triad as skips over the scale is just a coincidence, not a definition.
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Figure 3 – The triads of the major scale as a result of the superposition of thirds on the scale degrees 
of the major scale, according to Schoenberg.

2. The problem

The problem faced here is the search for a unifying definition for the triad, i.e., a setting in which the 
major and minor triads are covered naturally without artificial procedures. The current definitions of 
triad are not organic (see Section 1) in the sense that they do not include major and minor triads in the 
same proposition. Those definitions always need adaptations or artificial strategies in order to explain 
the major and the minor cases. Our quest is how to define triad including, in the same cut, major and 
minor ones. This is an interesting problem because its solution gives rise to new perspectives in the study 
of tonal systems as it strengthens the knowledge of the basic building blocks of western harmony. It 
helps to clarify the nature of the concept of triad. The definitions we have at our disposal until now do 
not solve that problem as they first describe the major triad and then derive a subsidiary version that is 
able to include the minor triad.

Lewin, for example, describes the primary triad by the unordered set (T, T+m, T+d ), where t is a pitch 
class and d and m are arbitrary intervals. When those intervals equal fifth and major third, in our equal-
tempered system, we have the traditional major triad.

On the other hand, definitions based on the scalar concept, found in traditional harmony books of 
the twentieth century (Piston, for example) says a triad is obtained by the piling-up of diatonic thirds. 
If we take a major scale, the triads built on first, fourth, and fifth scale degrees are major. Triads built on 
second, third and six scale degrees are minor. In other words, there is always an arbitrary step taken in 
order to achieve the minor triad, once the major triad is established.

2.1. Our contribution in a glance (minor triad)

In this work, we take the concept of consonance as a primitive one. We borrow it from the idea of 
natural harmonics. It is a binary concept, i.e., it is related to two pitch classes. From the consonance we 
define the concept of concordance, which is a n-ary relation defined over tones, as a maximal combination 
of consonances. Some consequences directly associated with these two concepts are:

I. We give a formal definition of triad that supports the concepts of major and minor triads 
(Section 5) simultaneously

II. The formalism proposed here is scale-free (scales are just a kind of subsidiary gadgets)
III. The formalism is all qualitative, even without the concept of order, and therefore, taking the set of 
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12 pitch classes we can identify all the major and minor triads employing just one sole definition
IV. We found out that the size of triads is a consequence of the definition and not an arbitrary 

imposition. We prove that this size is three (Section 4).

3. Our proposal

We assume the naturalistic idea of Rameau that the natural harmonics are a model to harmony, but 
we disagree they serve as a definition for the triad. For us, they inspire a definition of consonance. We 
agree that the tonal system is the result of the influence of nature guided by some human (intellectual) 
insights. We employ natural harmonics as a model to consonance that is a human concept and we define 
triad, based on that concept, as a maximal combination of binary consonances.

3.1. The major triad

In this paper, two pitch classes are defined to be in a consonant relationship if they belong to the 
same Zarlino's senario 6, 7 . The elements of the unordered set, {c, e, g} have consonant binary intervallic 
relationships. That is, (c, e) is consonant once it belong to Zarlino's senario of the fundamental pitch, c. In 
the same way, (c, g) and (e, g) are consonants once they belong, again, to the senario of the fundamental 
pitch c. Note that the three pairs are consonants due to the same reason, i.e. each pair belong to a same 
senario. We should emphasize that not all the pairs have to belong to the same senario but each pair has 
to belong to a specific senario.

As another example, let us see why the set of pitch classes {f, c, a} fits within the proposed definition 
of triad, in this case, an F major triad. There are just three different not ordered  pairs of pcs into this set: 
(f, c) and (f, a) and (c, a). To figure out if these three pitch classes form a triad, according to our definition, 
we have to check if each pair is a consonant pair of pcs. For the pair (f, c) to be consonant, we need to 
find out a senario containing it. The required senario is that one based on the f pitch class. We see the 
pair (f, c) appears in the senario F, thus (f, c) is a consonance. The same we can see about the pairs (f, a) 
and (f, a), i.e., both belong to the senario F. Figure 4 summarizes this process.

 Figure 4 – The pitch classes f, a and c in the correspondent senario for each pair.

6  “In the writings of the 16th-century theorist Gioseffo Zarlino, the first six numbers and ratios between them, 1:2:3:4:5:6, 
from which he derived the ratios for all consonant intervals”, (Randel 1986, p. 739).
7  Strange as it may seem, the spelling of senario is correct, according to Randel (1986, p. 739).
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3.2. The minor triad

The elements of the unordered set, {e, g, b}, have consonant binary intervallic relationships. That is, (e, 
b) is consonant once it belongs to the senario of the fundamental pitch, E. In the same manner, (g, b) and 
(e, g) are consonants once they belong to the senario of the fundamental pitch G and of the fundamental 
pitch C, respectively. Here we have the intercourse of three different fundamentals to explain the triad, 
but the definition is based on the same principle: the complex of consonances. In addition, we just found 
out the way of connecting the very concept of binary consonance with that of triad, establishing triad 
as a complex not ordered set of pcs consonants two by two.

Major triads are supported by one sole fundamental and his natural harmonics. A Major triad is 
a natural concord of consonances. Minor triads need more than one fundamental (and its natural 
harmonics) to support them. A minor triad is an artificial complex of consonances. The next example 
shows how can we get a A minor triad, i.e., is the set (a, c, e) a triad?

There are just three different not ordered pairs of pcs into this set: (a, c), (c, e), and (a, e). To figure 
out, we have to check if each pair is a consonant pair of pcs. We can clearly see in Figure 5 that each 
pair has its correspondent senario, i.e., F for the pair (a, c), C for the pair (c, e), and A for the pair (a, e).

Common sense tells us that all we need to elaborate the definition of triad lies on the natural 
harmonics phenomenon. However, that framework does not suffice to accomplish this task. It lacks some 
additional reasoning and elaboration. The natural harmonics are not a model for triads but exclusively a 
model for consonance. Triads are rather a rational concept instead of a natural one. It seems here lies 
the kernel of the problem, which was not adequately dealt with in its entirety for all those centuries of 
harmonic investigation.

Figure 5 – The pitch classes (a, c and e) in their correspondent senarios, one for each pair.

There are two principles behind this whole idea, and we keep our formal definition of triad under 
their influence. First, Klang is a model for consonance not for triad definition; and second, the model 
for triad is a rational human elaborated insight. We introduce consonance as a binary relation between 
pcs. Each pair of pcs is a consonance if it belongs to a natural harmonic senario. A set of pcs constitutes 
a triad if they are consonants two by two. The triad is a set in which each possible pair of pcs are 
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consonant. To formalize the aforementioned ideas, we will employ First Order Logic (FOL) to examine 
them in detail, in the next section.

4. Logical Formalization

Although developed independently, our central concept is so close to Stumpf's original idea that we 
kept his term, concord and formalize it before developing our definition. As a formal domain, we take 
the 12-tone system G =ℤ12. 8

Unlike Stumpf, who justifies his collection of intervals upon empirical psychological tests, we base 
ourselves on the phenomenon of natural harmonics.

Some definitions are in order:

Definition 2. (Riemannian Functions) The pitch class x is called the mediant (dominant) of the 
pitch class, y, if it is tantamount to the fifth (third) natural harmonic 9 of y. We write x = fm (y) and 
x = fd (y), respectively.10, 11

Example 1. (Riemannian Function) Those are the inner relationships into the senario depicted 
on Figure 4: a is the mediant of f, denoted as a = fm (f ), and c is the dominant of f, denoted 
as c = fd ( f ).

We separate the definition of a triad into two moments: the identification of the pairs of consonant 
pcs, and the construction of a maximal set in which elements are two by two maximally consonant.

Definition 3. (Senario) A Senario of a pc t is a set of pcs composed by the first, third and fifth 
natural harmonics of the pc t. Denoted as {t , fm (t), fd (t)}.

Example 2 (Senario). Those are the senarios corresponding to the tones f, c, and a: i: {f, c, a}; 
f: {c, g, e}; and d : {a, e, c #}.

Definition 4. (Consonance) A not ordered pair of pcs (a, b) is a Consonance, if and only if, a and 
b appears in the same senario. Denoted as 12 Consonance(a, b) =def \v (a U v ) ‚ ( b U v ), 
where v is a senario.

8  In the examples elements we will represent as 'notes names' in bold low-case letters and the symbols # and ∫.
9  Harmonics are “a serie of frequencies, all of which are integral multiples of a singles frequency termed the fundamental. The 
fundamental and its harmonics are numbered in order, the fundamental being the first harmonic and having the frequency 1f, the 
second harmonic having the frequency 2f, the third harmonic 3f, and so forth” (Randal 1986, p. 364).
10  Of course, there is another relationship into the series of natural harmonics – that between the fifth and the third 
harmonics (e. g., the relationship between e and g in an overtone series with fundamental c). But this is not a contiguous 
relationship. At least at the denotational level, it can be seen as a derived relationship and there is no need to introduce a 
mathematical function to describe it. We can do this easily as follow ∃w [x = fm(w) ∧ y = fd(w)].
11  fm and fd allows inverse functions, once every pitch in a pitch class has its 3rd and 5th partials, and they are also bijective, 
once every pitch is 5th (or 3rd) of some other note.
12  In fact, that expression is a shortcut for Consonance(x, y) = def ((y = fm(x) ∨ (x = fm(y) )) ∨ ((y = f d(x)) ∨ (x = f d(y)))  ∨  
∃t [((x = fm(t) ∨ (y = f d (t)) ∨ ((x = f d (t) ∨ (y = fm (t))].
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Example 3. (Consonances) To identify consonances we need, first, to pick up some senarios. 
Those corresponding to the pcs f, c and a. In that case, (a, e) is a consonance as they appear in 
the senario i: Œf, c, a�; (a, c #) is a consonance as they appear in the senario d: Œa, c #, e�; and 
(e, f ) senarioi : Œf, c, a�; (a, c #) is not a consonance as it never appear together in any senario.

Definition 5. (Concord) A not ordered set S of pcs, {xi , ... , xn}, is a Concord of consonances, if all 
pairs (xi , xj ), with xi , xjUS is a consonant pair.

Example 4. (Concord) Let S = {a, e, c #}, be a set of pcs. To determine if it is a concord, we need 
to check out if all the (possible) unordered pairs of elements of S are consonants. Those pairs are 
(a, e), (a, c #) and (e, c # ). All those three pairs are consonants once they belong to the pc A senario, 
d: Œa, c #, e�.

Example 5. (Concord) Let S = {a, e, c }, be a set of pcs. Is it a concord? We mean, are (a, e), (a, 
c), and (e, c), all consonant pairs? Yes it is, once (a, e), belongs to A pc senario,  d: Œa, c #, e�, (a, 
c),belongs to F pc senario, i : Œf, c, a�, and (e, c) belongs to C pc senario, f: Œc, e, g�.

It should be noted that the above definition does not correctly characterize the concept of triads 
since the augmented chord, for example, {c, e, g #} is contemplated by it (See definition 1). We fix 
this problem with Definition 6. There are two functions classified as Schoenbergian functions for they 
represent ideas from Schoenberg.

Definition 6. (Schoenbergian Function) The two Schoenbergian Functions, denoted as f S and 
f D corresponds to the inverse of the dominant function, fd, and to exactly to the dominant 
function, fd (see Definition 2). Formally, we have: f S = f -1

d and f D = f d .

f S maps a pitch-class into 8 pitch-classes below (a major fourth down) or into 6 pitch-classes above 
(a major fourth up).13

Example 6. (Schoenbergian Function) Example over the pitch class c. f S (c ) produces f and f D 
(c ) produces g.

Definition 7. (Basic Function) A function is said to be basic if it results of a single composition 
between a riemannian function and a schoenbergian function.14

Since there are two Riemannian functions and two Schoenbergian functions, then we have only four 
basic functions: (fm 1 f S),   (fm 1 fD), (f d 1 f S) and (f d 1 fD).

Example 7. (Basic Fuction) Example over the pitch class c. The notes obtained are (fm 1 f S)(c ) 
= a, (fm 1 fD)(c ) = b, (f d 1 f S)(c ) = c  and (f d 1 fD)(c ) = d.

13  Inspired by Schoenberg's reflection (with Schenker's agreement) that tonal harmony derives from two strands, nature 
and the human intellect.
14  Since the functions f d and fD, are redundant, we can even eliminate one of them.
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Definition 8. (Diatonic Set) The notes resulting from applying basic functions (over the same fun-
damental) set up the diatonic set.

A triad is a concord whose notes are all definable only by basic functions:

Definition 9. (Triad) A triad is a concord, C = {x1, ... , xn}, such that [i , xj   = f ( x* ), where x* U 
C, and f is a basic function.

In the next example, we will see that an augmented chord is not a triad.

Example 8. (Triad) Let S = {c, e, g #}, be a set of pcs. Is it a triad ? Though (c, e), (e, g), and (c, g #), 
are all consonants pairs and therefore, they build up a concord,15 however, this is a concord 
that use other than simples compositions (Definition 8), hence they are not a triad, since it 
does not fit the triad definition.

Theorem 1. (Triads have a proper size) Any triad has exactly size three.16

The proof will be by contradiction, we assume the existence of a triad with more than three elements, 
and we will check that, in all cases, we found a contradiction. We will use a logical first-order language 
to formalize the proof.

4.1. The idea of the proof17

We can see a 4-pc concord, say S = {x1, x2, x3, w}, as a 3-pc concord, say {x1, x2, x3}, added with one 
more pc, w. By Definition 5, the pairs (w, x1), (w, x2), and (w, x3), must be all consonants. We will show 
that these 3 following conditions written in formal language, related to Consonance (w, x1), Consonance 
(w, x3) and Consonance (w, x3), lead to a contradiction and, therefore, there is no 4-pc concord.

Condition 1: Consonance (w, x1) = def ( (x1 = fm(w)) ƒ (w = fm(x1)) ) ƒ ( (x1 = fd(w)) ƒ (w 
= fd(x1)) )  ƒ \ t1 [ (w = fm(t) ‚ x1 = fd(t1) ) ƒ (w = fd(t1) ‚ x1 = fm(t1)) ].

Condition 2: Consonance(w, x2) = def ( (x2 = fm(w)) ƒ (w = fm(x2)) ) ƒ ( (x2 = fd(w)) ƒ (w = 
fd(x2)) ) ƒ \ t2 [ (w = fm(t1) ‚ x1 = fd(t2) ) ƒ (w = fd(t2) ‚ x1= fm (t2)) ].

Condition 3: Consonance (w, x3) = def ( (x3 = fm(w)) ƒ (w = fm(x3)) ) ƒ ( (x3 = fd(w)) ƒ (w 
= fd(x3)) ) ƒ \ t3 [ (w = fm(t3) ‚ x3 = fd(t3) ) ƒ (w = fd(t3) ‚ x1 = fm(t3)) ].

15  Once (c, e) belongs to C pc senario, f: Œc, e, g�;  (e, g) belongs to E pc senario, h: Œc, e, g #� and (c, g #) belongs enhar-
monically to the A∫ pc senario, d∫: Œa∫, c, e∫�.
16  Curiously, in Graph Theory the smallest non-trivial click has size 3 (Bondy, 1976).
17  Although a simpler demonstration is possible, employing strong formalism, we insist on formalization only with logic since 
one of the objectives is to employ the simplest of mathematics possible, weaker even than arithmetic. Arithmetic = Logic + 
Order. We use logic without order, to be conceptually as simple as possible.
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Example 9. (A 4-pc Concord) Let S = {c, e, g, w}, be a 4-sized set of pcs. Is it a concord? It is 
possible that (c, e), (c, g), and (e, g), been consonants pairs, even so, we get (c, w), (e, w), and 
(g, w), been consonants pairs? No.

4.2. Our contribution

Some consequences directly associated with these two concepts - Consonance and Concord - are:
I. We have applied the proposed definition of triad over all 220 unordered pc sets of size 3 in the 

scope of the chromatic scale (12 pcs), and only major and minor triads produced results compatible 
with the definition. 

II. Once we do not employ the concept of order in the definition, either to consonance neither to 
concord, the formalism proposed here is scale-free.

III. Because of the previous item, the entire formalism is then all-qualitative. This is going to be the 
basis for a future formalization of the Tonal System on an all-qualitative basis.

IV. Theorem 1 shows that the size of triads is a consequence of the definition and not an arbitrary 
imposition.

We prove that the proposed definition of triad is complete, all existent type of triad are obtained and 
the definition is also sound - everything that is obtained by means the definition is, in fact, a triad.

We will, survey, briefly, a related work: the mathematical formalization of Stumpf definition done by 
Thomas Noll.

4.3. Thomas Noll

   In The Topos of Triads (2005, 1-26) Thomas Noll intends to formalize the concept of concordance 
introduced by Stumpf. His approach is based on a transformational investigation of the intervallic 
constitution of the triads. Each triad is studied as a subaction of a monoid action of an eight-element 
monoid on G =ℤ12. Each transformation is a Twelve-Tone-Operation (an affine endomorphism ℤ12) 
which stabilizes the triad in question and which extrapolates an association of an internal interval of the 
triad with its fifth.
Definition 11. (Tone Perspective) A pc perspective is a affine map f : ℤ12/ℤ D ℤ12/ℤ, i.e., f is of the 
form f (x ) = t + s % x . We denote such maps by ts, and call the collection of all such maps .

The set of all those maps constitutes a monoid.
Proposition 1: There is a bijection between (ℤ12 / ℤ) and , given by the map ts ↦, (ts(0) . ts(1)) = (t , 
s + t). To each transformation in the monoid corresponds a pitch on (ℤ12 / ℤ).
Definition 12. (Associated Triadic Monoid) To any given triad X ={a, b, c}, we assign the monoid wX 
consisting of all pc perspectives ts such that ts (X) 5 X; thus, wX is the monoid of all pc perspectives 
preserving X. We call wX the triadic monoid associated to X.
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Example 10 (Tone Perspective) For instance, take the C major triad, {0, 1, 4},18 and take the pc 
perspective ts where t = 1 and s = 3 i.e., s = 13 whose functional expression is f (x) = t + s % x Lf (x) 
= 1 + 3 % x. 
       If we apply it to the notes of the C major triad, we obtain f (0) = 1 + 3 % 0 = 1, f (1) = 1 + 3  
% 1 = 4,  f (4) = 1 + 3 % 4 = 0, which are the very notes of the C major triad. Now we can state the 
central idea of Thomas Noll:
Proposition 2: The transformations in w{0, 1, 4}, those which preserve C major, correspond, according to 
the proposition 1, to the consonant intervals within the C major set, {0, 1, 4}.

Based on Proposition 1, each transformation (pc perspective) can be associated with a pair of pcs. 
Noll says that the transformations of the monoid of w{0, 1, 4} are those associated pairs of pcs found in 
Stumpf's definition.

We have two critical observations about the Topos approach to Stumpf insights, vis-a-vis of our 
objective:

i. Noll needs a group transformation, over ℤ12, to emulate a minor triad from his original concept 
of major triad. The transformation x ↦ ax+b sends major triads to minor triads when a = -1.    

ii. Noll's definition includes four types of triads (namely those with the commutation characteristics 
5, 7, 10 and 2), which are not major and minor triads in the sense of Stumpf.

iii. It left out one of the intervals present in the original work of Stumpf. This interval is precisely one 
that does not match in the formalization. Noll affirms (2016) has been borrowed the Stumpf 
idea of concordance. Nevertheless, he takes only eight from the nine original intervals as he gets 
rid of one of the ninth original consonant intervals used by Stumpf, the ascending fourth. That 
omission is justified saying that the fourth is considered dissonant in early medieval polyphony. 

4.4. Comparison

In our formalization, – implemented employing a maximal combination of consonance within a 
minimal senario framework  – the logical apparatus that yields major and minor triads seems to be 
in syntony with Stumpf's idea of concordance. While Noll applies hard mathematical tools, formalizing 
Stumpf's design through a Topos of Monoid, we have elaborated the concept of concordance in an 
alternative formal fashion that entitles the qualitative aspects.

We have disregarded the concept of interval as an ordered pair of pcs. Instead, we have considered 
the reflexive binary relationship within it. We also have abandoned the idea of concord as a preserved 
set under affine transformations. We have replaced it with a simple reflexive n-nary relation.

Noll's formalization imposes two different bijections to characterize major and minor triads, while we 
found out a single structure able to represents the two kinds of triad. It is done using the idea of concord 
of consonances over minimal senarios. To find a triad, it is only required to identify their senarios through 

18  In this paper, we use the circle of fifth encoding – C, G, D, A, E,... - instead of the semitone encoding – C, C #, D,... . Therefore, 
in this example, 0 corresponds to C, 1 corresponds to G, and 4 corresponds to E, i.e., the C major triad.
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the structure of the fundamentals and their natural harmonics.
Stumpf relies on psychology and empirical tests; his definition includes major, minor, and augmented 

triads. Noll formalizes Stump's definition with advanced math tools.

5. Conclusions and further work

Our definition fits the idea of Schoenberg and Schenker who believe that the tonal system is the 
result of nature influence and human reasoning. Nature tells us how to be consonant through natural 
harmonics, and human's intellectual skills construct triads as a combinatorial concord of consonances.

What is the advantage of splitting our formal definition of triad into two parts, the consonance and 
concord? First, it became possible to define triad in a qualitative formalism. Second, we can extend the 
alternative definition of triad towards a definition of tetrad, in the scope of the same formalism just 
relaxing the concept of consonance.

We believe that our formal structure for the triad will provide us with future insights on tonal 
function.19 

Our definition does not accommodate the "diminished triad as a triad. And that's a good thing once 
they do not deserve this classification. However, a fundamental question arises: how to elaborate a 
formal description of the tonal system if we cannot formally describe the "diminished triad"? We should 
emphasize that this is not an issue here. Our only goal in this work was to define the triad, which is 
one important building block of the tonal system. Another crucial step in the formalization of the tonal 
system will be taken when, in future work, we formalize the tetrads.  

All the results have been achieved using a straightforward formal language, even simpler than the 
simplest of the quantitative mathematics – the arithmetic.
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